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The objective of the present study is to analyze the fluid flow with moving boundary using

a finite element method. The algorithm uses a fractional step approach that can be used to solve
low-speed flow with large density changes due to intense temperature gradients. The explicit

Lax-WendrofT scheme is applied to nonlinear convective terms in the momentum equations to

prevent checkerboard pressure oscillations. The ALE (Arbitrary Lagrangian Eulerian) method

is adopted for moving. grids. The numerical algorithm in the present study is validated for
two-dimensional unsteady flow in a driven cavity and a natural convection problem. To extend

the present numerical method to engine simulations, a piston-driven intake flow with moving

boundary is also simulated. The density, temperature and axial velocity profiles are calculated

for the three-dimensional unsteady piston-driven intake flow with density changes due to high

inlet fluid temperatures using the present algorithm. The calculated results are in good

agreement with other numerical and experimental ones.
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Nomenclature -----------
Cp : Specific heat at constant pressure

fj : Body force in the xrdirection
n» : The k-th component of the unit outward

normal to r
p : Pressure

p* : Pressure correction

/J : Relative pressure value

T : Temperature
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: Time

: Time increment
: Velocity

: Velocity of the fluid relative to the mov-

ing grid (=Uk-Ukg)

: Grid velocity
: Prescribed velocity component

: Piston velocity
: Velocity of the fluid relative to the mov-

ing grid (= W - Wg )

: Grid velocity

: Current piston position
: The boundary surface at which pres

cribed velocity boundary conditions are

imposed.
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n : The boundary surface at which natural

boundary conditions are imposed.

k : The coefficient of thermal conductivity

A : Second viscosity coefficient ( = - ; f.1. )

f.1. : Fluid viscosity

p : Density

II : Kinematic viscosity coefficient

N;, Np , NT : Weighting function

Superscripts
o : Previous time step.

n : Next time step

Subscripts
i : Dummy variable(i=l, 2, 3)

j : Direction variable(j=l, 2, 3)

k : Dummy variable(k= I, 2, 3)

1. Introduction

Numerical simulation of fluid flows with mov

ing boundary has attracted much attention

because of their engineering significance. Many

investigators have presented various algorithms

for analysis of fluid flow problems with moving

boundary. Ikegawa et al. (1994) presented FEM/

FDM composite scheme to analyze the flow

around moving bodies. Kim et al, (1993)

presented numerical methodology for moving

boundary problems occurring in axisymmetric

coordinate systems. Hirt et al. (1970) proposed

the Lagrangian method to deal with transient two

-dimensional incompressible viscous flow with
free surface. Ramaswamy et al. (1986) used the

Lagrangian finite element method for the analysis
of two-dimensional sloshing problems. To avoid

the shortcomings associated with a severe distor

tion of mesh in the Lagrangian methods, ALE

(Arbitrary Lagrangian Eulerian) method has

been proposed by Hirt et al. (1974). The ALE

method allows the velocity of the fluid relative to
the moving grid. Ramaswamy and Kawahara

(1987) and Choi( 1996) analyzed the propagation

of a solitary wave. Huerta and Liu(l988) and

Soulaimani and Saad(1998) applied the ALE

method to various flow problems with free sur-

face.
For piston-driven intake flow in a pipe assem

bly containing a sudden expansion, Pereria (1986)

divided the calculation domain into two sub

domains, the inlet pipe and the in-cylinder re

gion, respectively. The computations were then

performed by two different computer codes. But

disadvantage of this calculation procedure is the

neglect of the backward influence of the pressure

at the sudden expansion. So Stroll et al. (1993)

using the finite volume method, calculated simul

taneously the flow in the whole region and

compared the numerical results with experimental

ones.
The objective of the present research is to

develop and test a practical numerical algorithm

for analysis of fluid flow problems with moving

boundary. The present numerical scheme employs
an explicit, fractional step method (Donea et al.,

1982, Ramaswany, 1988, Codina et al., 1998,

Folch et al., 1999) which allows the use of equal

interpolation spaces for the pressure and velocity

fields and can be used to solve low-speed flow

with large density changes due to intense tem
perature gradients. The explicit Lax-Wendroff

scheme for the nonlinear convective terms is used
to prevent the checkerboard pressure oscillations

of the other equal order interpolation methods.
This scheme is second order accurate in time and

has a streamline character, which is provided

directly by this method without introducing any

special upwind mechanism or the introduction of

special parameters (Akin, 1994). To treat the

moving boundary, the ALE (Arbitrary Lagran

gian-Eulerian) method is used in the present

study. To validate the numerical algorithm used

in the present study, the numerical simulations are

performed on several problems including the

two-dimensional unsteady flow such as the driv

en cavity flow and natural convection problem.

And in order to extend the present numerical

method to the engine simulations, the three

dimensional unsteady flow generated by an

impulsively started piston movement in a piston

cylinder assembly is also investigated. By com

paring the calculated results with the other nu

merical and experimental ones, the validity of the
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and the energy equation.

the momentum equation.

(6)

(5)

This convection step allows us to determine an

intermediate velocity field U C from u", On the
boundary of the domain Q we have the following

boundary conditions.

u;=Uj(xt, X2, X3) on T; (7)

If no-slip condition is imposed at the boun

dary, the value of uJ is zero.
Now we consider the viscosity and body force

terms in the momentum equation.

Bu, + - aUj_orrat PUk aXk -

Equation (5) is discretized in time by consi

dering a Taylor-series expansion in the time step

Lt, up to second-order to use the explicit Lax

Wendroff scheme for the nonlinear convective

terms. Multiplying this by a weighting function

M, integrating the second order spatial der
ivatives terms by parts, and using the divergence

theorem, the weak form of this stage can be stated

as follows:

(3)

(2)

numerical algorithm used in the present study has

been confirmed. Furthermore, the density, tem

perature and axial velocity profiles are calculated

for the three-dimensional unsteady piston-driven

intake flow with density changes due to high inlet

fluid temperatures using the present algorithm.

ap s , -)-+--(PUk =0
at aXk

For ideal gas, the equation of state is defined as

2. Governing Equations

The fluid flow is modeled with the Navier

-Stokes equations that contain the conditions of

conservation of mass, momentum and energy.

These equations can be written as the continuity

equation.

3. Finite Element Formulation

In these equations, Uk= u» - Ukg is the velocity
of fluid relative to the moving grid, u« is the local

velocity components and Ukg is the grid velocity.

p=pRT (4)

Where ;\ and t, denote the second viscosity

coefficient and the body force. The weak
formulation can be written as follows:

The spatial domain is discretized with eight

node isoparametric hexahedral elements. The
density is piecewise constant within an element

and is defined at the centroid of each element.

The governing equations can be separated into

convection, viscosity and pressure terms by the

fractional step method and these equations are
discretized using the well known Galerkin meth

od. At first we consider only the convective terms

in the momentum equation.

Where U C denotes the result from Eq (6). Here,

a new intermediate velocity u IJ is determined from

u". The boundary conditions in the viscosity
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Eq. (10) and Eq. (II) are descretized in time
as follows:

terms are the same those in the convective terms.
In this procedure, the intermediate velocity does
not generally satisfy the continuity constraint,
therefore we must account for this in the pressure
calculation. To compute the pressure, we employ
the pair of equations.

n_ ° 0
P P +-(pu n) =0

t::.t OXk k
puf-pul/ opn

t::.t - OXj

Let us introduce the pressure pn as:

pn=po+p*

(10)

(11)

( 12)

(13)

( 14)

r for the correction term. To solve Eq. (17), the
following conditions are applied.

op - [ul/-i?]
on =n" t::.t on Ii (19)

P=/J(Xl, X2, Xa) on n (20)

Once the pressure correction p* has been deter
mined from Eq. (I8), nodal velocities u" can be
computed from the weak form of Eq. (15).

(Npuj'dQ= (Npuj*dQ- 6..t ( N p 0aP* dQ (21)JJ:I Jg P Jg x,

The boundary conditions in the velocity cor
rection terms are the same those in the convective
and viscous terms.

Let us now consider energy Eq. (3) using the
methods similar to those of momentum equations.
The weak form of Eq, (3) can be separated into
convection and viscosity terms as follows:

Where p* denotes pressure correction. Using
the Eq. (14), Eq. (13) can be separated into two
equations.

puf-puJ _ oP*
(15)

t::.t OXj

puJ-puj' .»: (16)
t::.t OXj

We first compute intermediate velocity field u"
using the previous values from Eq. (16). After
taking the gradient of Eq. (15), and using the Eq.
(2), we obtain the equation for pressure correc
tion as follows:

(22)

(23)

(17)
dZp*_~ pn_po o(puJ)
ax} -LS:T\ t::.t + OXj )

Multiplying by a weighting function Nj;
integrating over Q and integrating the second
order spatial derivatives terms by parts, and using
the divergence theorem, the weak form of Eq.
(17) can be written as

( Np op* njdr_ (oNp op* sa
lr OXj Jg OXj OXj

=_1_ (Np o(pnun sa (18)
6..t Jg OXj

+ .c:ti1Np(pn_po) aa

The first term vanishes since we have ~~ =0 on

Once the weak forms of differential equations
have been established, all variables interpolated
by the linear shape functions are substituted into
the weak forms of differential equations and then
these equations can be integrated spatially by
Gauss numerical integration formula. In the
Galerkin method, all the weighting functions Nj,
Np and NT are the same as the shape functions.

To obtain a simple and efficient solution
algorithm for calculating the variables, it is at
tractive to replace the consistent mass matrix by a
diagonal mass matrix. The most common solution
to defining a diagonal matrix is to lump, or sum,
all the terms in a given row onto the diagonal of
the row and then set the off-diagonal terms zero.



Finite Element Analysis of Fluid Flows with Moving Boundary 687

That is, the lumped matrix ML
e is defined such

that

4. Numerical Examples

different results and the diagonalized matrix

appears to be best in general (Akin, 1994). This is

because for higher order elements the lumped

form can introduce zeros or negative numbers on

the diagonal. In the present study, we use the

diagonalized matrix for converting the consistent

mass matrix to a diagonal matrix.

(25)

(24)
MLi/=O if i*j,
MLi/ ="2.Mi/

j

Another diagonal matrix, MOi/ which is called

the diagonalized matrix is defined such that

MD;/=O if i*j,

MOil =Mi/( ~~Mi//~M;/)
• J •

For linear simplex elements in two and three

dimensions both procedures yield identical

diagonal matrices. However, for axisymmetric

problems and higher order elements they yield

4.1 Lid-driven cavity problem

As first application example of the method

proposed in the present study, the driven cavity

x
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Fig. 1 Streamlines and pressure contours at steady state
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Fig. 4 Boundary conditions for natural convection
problem

0.2

problem with a top surface moving at a constant

velocity is presented. The calculations were

performed on the nonuniform 41 X41 grid struc

ture for the Reynolds numbers of 100, 1000, SOOO,

and 10000. The Reynolds numbers are based on
the length of the square cavity and the velocity of

the moving wall. No-slip boundary conditions

were specified in all boundaries except on the top

surface. A pressure datum, P=O, was specified at

the middle of the bottom wall.

We obtained a converged solution for each case

with trivial initial guess of u=v=p=O. The
steady state solution is obtained when the follow

ing condition is satisfied:

(26) 0.1

where the subscript i denotes the specific node

point, the superscript n denotes the time level,

and 1> denotes the normalized variable. Figure 1
show the streamlines and the pressure contours at

steady state. The profiles of the dimensionless

x-direction velocity along the vertical centerline

of the driven cavity (x=O.S) and the dimen
sionless y-direction velocity along the horizontal

centerline of the driven cavity (y=O.S) are

illustrated for various Reynolds numbers in

Fig. 2. These results are compared with those
of Ghia et al. (1982) obtained with a 129 X 129

grid via a multigrid technique. Good agreement

can be found for both maximum velocity position

and value at Re= 100, 1000, SOOO and 10000.

Figure 3 shows the convergence history for Re=

0.5
X

Fig.S Nonuniform 41X41 grid system for natural
convection problem

1000. A time increment 6. t =0.1 is used in this
problem.

4.2 Natural convection in a square cavity
A natural convection problem is considered in

this section. The flow domain and boundary

conditions for this problem are shown in Fig. 4.
We discretized the domain into a mesh of 40 X 40

elements with smaller elements close to the boun

dary to capture the boundary layers, see Fig. S.

The initial condition is given as: P=IOs, temper-
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ature 8=300 and velocity u=v=O and the fluid

properties are assumed to be constant, R=286,

c.,=715, k=l.O and ,u=O.OOl. The Rayleigh

number of this problem is Re-:::::.6.5X105
• We

regard the fluid flow as compressible flow in this

problem because the density is changed due to

temperature differences in a square cavity.

The results of the problem using the present

algorithm are shown in Fig. 6 and Fig. 7. The

calculated y-direction velocity and temperature

distribution along y=0.5 are plotted in Fig. 8 and

Fig. 9. The solution by Hendriana and Bathe

(2000) using the parabolic quadrilateral finite

element method for compressible flows and the
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0.15

-ll.2

0.2

025

-e.is

0.1

~ 0.05

:B a
~:> -aos

-ll.1

0.5

X
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solution using FLUENT are also plotted for

comparison. From Fig. 8 and Fig. 9, the results

of temperature distributions are close to one
another. However, considering the results of

y-direction velocity, we see that the present

results are closer to the FLUENT solution than

Hendriana's solution. Figure 10 shows the con

vergence history for a natural convection in a

square cavity. In the present study, the time

increment is L:::. t =0.1.

4.3 Piston-driven intake flow

To demonstrate the applicability of the present

numerical algorithm on moving grid system, we

consider the piston-driven intake flow in a pipe

assembly containing a sudden expansion. The
piston-cylinder assembly is shown in Fig. 11. The

piston position Zp (t) varies between the initial

clearance (ZP.o=0.04m) and the maximum dis

placement (Zp, max=0.0643m) as a function of
time. The piston moves with constant velocity

Wp=I1.9mm/s. The fluid used was a mixture of
dibutylphtalate and Diesel oil. The mesh used for
the computation consists of non-uniform 6080

finite elements, which is shown in Fig. 12. While

the grid inside the inlet tube remained unchanged

with time, the control volumes within the piston

chamber were stretched in z-direction. No-slip

boundary conditions were specified in all boun
daries except the piston surface for the velocities.

Along the piston surface the axial velocity com

ponent of fluid, W. was set equal to the piston

velocity Wp. At the inlet plane the radial velocity

components U and V were set to zero and the

W -velocity profile was taken uniform, satisfying

the global continuity requirement as determined

by the piston velocity Wp . The velocity of the
fluid relative to the moving grid is W= W - Wg

and Wg is the grid velocity, which can be

expressed as follows:

".It .L.-LL__

IIII///! I / 111/61;[ ..

Fig. 14 Streamlines obtained by 2-D FVM

Fig. 13 Streamlines obtained by 3-D FEM
...u

I .-.-
I

ii loIet pipe Cyfndef WP£ ~!

I I
IFig. 11 Piston-cylnder configuration
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Fig. 15 Axial velocity profiles for z=O.I070 (m)
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!
!
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Fig. 12 The mesh used for pistion-driven intake
flow
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Fig. 18 Streamlines at t=0.2s, 0.5s, LOs and 2.0s

driven flow with density changed due to high inlet

fluid temperatures are considered. The fluid used

was air and the calculations were performed for

inlet fluid temperature Lnlet =300K, 400K and

550K, respectively. All the temperatures in the

computational domain except inlet boundary

were initially set to 300K. The calculated stream

lines with inlet temperature of 550K at several

time instances are shown in Fig. 18. As the piston

moves to the right, the hot air is sucked through

the inlet pipe into the cylinder and it is separated

at the sudden expansion, forming a countercloc

kwise rotating toroidal vortex, As can be also

seen from Fig. 18, the vortex is convected towards

the piston surface and is elongated with increas

ing piston displacement. For several z-Iocations

described in Fig. 19, the calculated density and

temperature profiles at t=2.0s are shown in Fig.

20, Fig. 21 and Fig. 22. The results show rather

intense temperature and density gradients as inlet

fluid temperature is increased. Normally for

isothermal flows of compressible fluids if the

Mach number is smaller than about 0.3, then

~!ji!lE~

--e-- FVM( Strcilet al.)
-'r-- FEM(Presl!l1l Study)

• Experiment(strcil eta!.)

--e-- FVM(strcil etal.)
-'r-- FEM(Present stuly)

• Experiment{strdl et al .)

D

0.D2

0.02

0.D05

D.D15

0.D15

-Fig. 16 Axial velocity profiles for z=O.l279 (m)

Temperature was not considered in this prob

lem. For the maximum piston displacement (Zp,
max=0.0643m), the predicted streamlines are

shown in Fig. 13. For comparison, the solution

by Stroll et al. (1993) using a finite volume

method is also shown in Fig. 14. From Fig. 13

and Fig. 14, we see that the present results are

close to the prediction presented by Stroll et al.

Also, the predicted axial velocity profiles at suc

cessive z-Iocations inside the cylinder are com

pared with the numerical and the experimental

daraj Stroll, 1993) in Fig. 15, Fig. 16 and Fig. 17.

The present results are in good agreement with

experimental data. Furthermore, the piston-

E.
.i!1 0.01

c::

Fig. 17 Axial velocity profiles for z=0.1513(m) Fig. 19 Positions of the cross-section
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pressure gradients are small enough so that the

density is nearly constant, and the flow may be

assumed incompressible. However, for the present

problem, large density changes occur due to high

inlet fluid temperatures, so that the flow must be

assumed compressible.

5. Conclusion

In this paper, we have presented a numerical

algorithm which used a fractional step method
with equal-order interpolation functions for the

velocity components and pressure. The explicit
Lax-Wendroff scheme was applied to the non

linear convective terms in the momentum equa
tions and the ALE (Arbitrary Lagrangian-Eu

lerian) method was adopted for treating the mov

ing boundary. To validate the present algorithm,

several problems have been calculated and

compared with other results. As a result, the

calculation results have shown good agreement

with other results. In order to extend the present
numerical method to engine simulations, we also

investigated the basic behavior of the unsteady

flow generated by an impulsively started piston

movement in a piston-cylinder assembly, yielding

flow separation and spatially moving vortices.

The numerical results indicate that the present

calculation procedure can be used to predict the

behavior of periodic intake/exhaust flows and is

applicable to a wide range of problems. Although

the discussion has been restricted to laminar flows
governed by the Navier-Stokes equations, the

methodology proposed can readily be extended to
accommodate the Reynolds-averaged equations

and turbulence models.
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